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ABSTRACT 

In this paper we determine the photoelectron counting 

statist ics produced by the fully quantum mechanical l a s e r  considered 

in  the f i rs t  paper of this ser ies .  

photocount distribution from the now known photon statist ics is derived 

The problem of obtaining the 

in a completely quantum mechanical fashion. 

the combined photodetector-laser system is derived. 

developed for  the solution of this problem a r e  of general interest in  

The time evolution of 

The techniques 

the a rea  of non-equilibrium quantum statistical dynamics. 
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I. Introduction 

The photoelectron counting statistics produced by l a se r  

radiation has been the object of recent experimental 2-1 and theoretical 11-16  

investigations. 

theory of the l a s e r  recently formulated by the.authors. 

In this paper we analyze the problem in  light of the quantum 

The expression 

for the photon distribution of a l a se r  operating in  a steady state whether 

above, at, or below threshold was found to be 

(n t A / B ) !  Pn,n 

The photon statistical distribution is inferred in practice by photoelectron 

counting techniques. 

distribution of photoelectrons produced by a fully quantum mechanical laser .  

An object of the present paper is to obtain the 

There a r e  a number of admirable theoretical treatments of 

the photoelectron problem in the literature. However, for various reasons, 

we have developed the theory from f i rs t  principles in this  paper. Some 

of these reasons a r e  listed below: 

’ (1) The photocounting distribution is usually given a s  

where 

= probability of m photocounts 

I = intensity of light beam 
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q = a "quantum efficiency" of the counter 

P(I) = probability distribution for the light beam 

having the intensity I. 

Equation (2) is not a convenient formulation o$ the photocounting distribution 

for our purpose a s  w e  most easily find the photon statistical distribution 

in the n representation. We obtain P(1) only af ter  an auxiliary calculation 

of some complexity. 

present paper has a simple physical interpretation. 

The photoelectron distribution developed in the 

(2) The usual procedure for obtaining the photocount distribution 

consists of counting the number of photoelectrons liberated from a photo- 

cathode in  a time T ,  storing this information, and repeating this procedure 

a large number of t imes.  The process of counting is a highly macroscopic 

affair. 'Due to  the fact that this process is so  complicated and microscopically 

disruptive, Lt seems reasonable to assume that each count is equivalent to 

"looking" at the system. 

17. 

A s  is well known, upon looking at a system we 

destroy its wave function, i. e. , when we t race  over the l a s e r  coordinates, 

we produce a statistical mixture. Hence, one might well ask,  "Does the 

procedure of looking af te r  every count give the same counting distribution 

as  would be observed if  the system were not interrupted until a large number 

~ 

of potential counts had accumulated. 

ruption of the combined detector-laser system involved in  counting wi l l  

We wish to investigate whether inter- 

give the same counting distribution a s  that obtained if the system were not 

interrupted until the t ime when all liberated electrons a r e  counted. This 
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theoretical problem of leaving the combined laser-detector system 

undisturbed until time T does not correspond to the familiar experimental 

situation. However, it may be solved quantum mechanically and it is 

of interest to see how closely the results correspond to those obtained in 

the usual analysis. 

(3) In the usual treatment of the problem the "quantum 

efficiency" q is given b y  

q = NCT 

where 

N = number of atoms in the photodetector 

C = a parameter characterizing the detector depending 

on squared matrix elements, etc. 

T = time of interaction between the photodetector and the 

laser. 

Clearly this value of q results from a low order perturbation theory. To 

determine what happens for  la rger  t imes T o r  numbers of photodetector 

atoms, we must extend the treatment to higher orders  in q. In the present 

problem w e  find 
-NCT q = l - e  

which is well behaved in the limit NCT--m. 

(4) Finally, the problem has an  intrinsic interest  in i t s  

own right i n  the field of non-equilibrium quantum statistical mechanics. 

That is, we must solve the problem of a quantized laser field interacting with 

many atoms. 

this situation. 

Clearly simple perturbation theory is not appropriate for 
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We develop a differential equation describing the laser-detector system 

which is then solved to obtain the time dependence of the laser-detector 

system. This approach is equivalent to summing an infinite set  of diagrams. 

In Section I1 we present our model and outline the method 

of calculation. Section I11 develops the analysis of this  model. The photoelectron 

distribution implied by our quantum theory of a l a s e r  is found in Section IV. 

A concluding discussion is given i n  V. 

I1 Model of a Photodetector 

We take the photodetector to consist of N independent, 

equivalent but distinguishable atoms1* each of which has a ground state I g) 

and a continuum of excited states Ik) , see Fig. 1. 

in the cavity at time t = 0 i n  their  ground state, while the radiation field is 

initially described 6y the diagonal density matrix p 

laser-detector system w i l l  be described at  la ter  t imes by the density matrix. 

The atoms a r e  placed 

(0). The combined n, n 

_ _ -  - -  - -_ - .- 

where D and D1 denote the states of the detector. 

the only nonvanishing elements of the density matrix a r e  those given by 

For  example, initially, 

D = g(1L g(2L * * * g(N) 

while a t  some la te r  time elements of the density matrix might exist for 

D = k(l), k(2),g(3). . . k(N) . 
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After a time T,  the N atoms a r e  removed from the cavity and the number 

of ionized atoms is determined (equal, of course,  to the number of photo- 

electrons). This process is repeated several t imes in order  to obtain the 

relative probability P (T) for  observing m photoelectrons irrespective of 

the state of the laser  field. 
m 

This is 
. .  . .  

where P 

m photoelectrons ejected. 

(T) is the probability of finding the field in the state 1 n} with nD m 

We now proceed with the calculation of P (T). Since in our nD m 
model, the probability of exciting any given configuration of m atoms is 

equal to the probability of exciting any other group of m atoms, it is clear 

. that we need consider only the probability of exciting a specified group of 

It is convenient to  denote such a specific m atoms (such a s  the f i r s t  m). 

excited stzte by D(m,[k])  where rn indicates  t h a t  the first m 

atoms are  excited and {k] a state of the photodetector, for 

example 

where each of the one electron states k(i), i = 1- 

over the continous spectrum of the ith atom. 

probability of these atoms being ionized we’must sum over the probabilities 

m , is allowed to range 

In order  to obtain the total 

.of finding each atom in any of its continuum states,  tha t  is 
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where the subscript K(m) on P means that the mth atom is in any 

of its excited states. Explicitly th i s  sum is 

Once the probability (T) of having the first m atoms ionized (while n, m 
the field is in  state I n } ) ,  is known, the corresponding probability of 

any m atoms being excited is obtained by multiplying by the combinatorial 

factor [Nf representing the number of ways m atoms may be chosen from m 
N, i. e . ,  

We now proceed to obtain a differential equation for Pn (T). , m  
The intkraction Hamiltonian 

is (in the interaction picture) 

V(t) fo r  the ccmbined laser-detector system 

N 
V(t) = - e  C xi(t) E (t) E C Vi (t) ( 7 4  

i= 1 i 
- . _ _  

where e is the electronic charge and, E(t) is the quantized electric field operator 18a 

4- 
(7bl 

+ - iva at  t 
&+a 1 e 

t i v  a at E(t) = e 



t h  while xi(t) is the position operator for the i atom, 

xi(t) = exp { Hatorn t] xi exp i-i 1 - 1 ~ ~ ~ ~  t j  

We will consider the only nonvanishing matrix elements of (7a) to be 

those connecting the ground state with an arbi t rary excited state, and 

t~eszB restr ic t  ourselves to energy conserving transitions (work in  the 

rotating wave approximation). The relevant matrix elements of (7a) a r e  

< k(i) ,  n I Vi(t I g(i), n+l) = g exp i i ( w  k(i)  - v I t5  
and 

< g ,  n l  Vi(t) 1 k, n-1) = g 6 exp i- i(o k(i) - 

where the atomic frequency 0 is 
k(i) 

- - (Ek( i )  - E h 9 

k(i) 
.- - -  

and the coupling constant g is given b y  

It will be useful to denote the positive (7d) *and negative frequency (7e) parts 

of Vi(t) by V(t)(-) and V(t)(') respectively so that 

- 

V(t) = c Vi(t)(+) t vi(t)(-) 
i 
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111 Analysis 

In order  to obtain a differential equation for P as n, m 
used in Equation ( 3 ) ,  we consider the equation of motion for the density 

matr ix  p (t) of the detector-laser system (in the interaction picture 

= -iCv(t), p ( t )  J 

The solut ion Of' Eq. (10) i s  formally 
L 

0 
. . - ..- 

For reasons which wil l  become apparent it is more convenient to 

substitute Eq. (11) into Eq. (10) to obtain the alternative form19 for t h e  

t ime rate of change of p (t) 
_. 

Taking diagonal matrix elements of Eq. (12)  f o r  s t a t e s  

In,D(m, ik 1) ) and sumaing over a l l  excited states,we obtain an 

equation f o r  P ( t )  n,m 

dk ( t ) / d t  = n,m 

After a ra ther  involved calculation, assuaing only tha t  the 

number of excited s t a t e s  i s  large,  Eq. (13) reduces t o  



11. 

A detailed account of the transition from Eq. (13) to (14) is given in  

Appendix A. 

Equation (14) re fers  to the probability of exciting the first rn 

atoms. 

(14) by as implied by Eq. (6) 

We proceed to find an equation for any m atoms by multiplying 

Eq. (15) becomes 
e 

Since normally N > > m w e  write (1 6) a s  

where 

y = 2 r N  (18) 

It is clear from the form of Eq.ls (17) that this system of 

equations breaks up into an infinite s e t  of equations, as 

depicted i n  Fig. 3, one set for each value of no> where 
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This is in accord with the obvious physical fact that the 

appearance of a photoelectron is associated with the disap- 

pearance of a photon. We denote the solution of one of these 

sets by 

Subject to the condition that initially 

the solution to Eq. (21) is 
- .. . .. 

as may be verified by direct differentiation, 

be written as 

Eq, ( 2 3 )  may 

where the "quantum efficiency" q is 

q = ( l -e-Yt)  
- -  

The solution of Eq. (17) is obtained from (24) by summing over 

= 1,2,3.. . , recognizing the constraint that ntm=n 
no 0' 
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Finally we sum over all possible quantum states of the field (trace over 

the field) to obtain P,(t) as given in (3) 

I 

which is the probability of detecting rn photoelectrons if  the quantum 

efficiency is q and the incident photon distribution is given by p n n  
0' 0 

IV. Photostatistics Implied by a Fully Quantized Laser  
__ - - - -_ -..__ ~ .- - . - - -  

Fie may now calculate the photo-count distribution f o r  a 

f u l l y  quantized laser by inserting p n,n as given by Eq. (1) 

i n t o  (25), The probability for finding rn photoelectrons is 

Summing the series i re find the basic relation 

where IF1 is the confluent hypergeometric function. 

marizing the notation 

Sum- 

A = l i n e a r  gain 

B = nonlinear parameter 

C = v /Q 

1? = detector parameter 
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-1 Z = normalization factor which is given by 

n tA/  B z = c  (A' / BC) 
n (ntA/B)! 

V. Discussion 

Equation (27) may be understood as follows: Consider a 

state of the field having just one photon 11) . 
a photoelectron ejected from a detector interacting with th i s  field for a 

certain t ime be given by 71. 

Let the probability of having 

Now i f  the state of the radiation field is 1 n} 
the probability of observing m photoelectrons should be proportional to 

which is to be multiplied by the probability that n-m quanta were not 

absorbed, i . e . ,  (l-rl)"-In , 
f 

but we,  of course,  do not know which m photons of the original number n 

were absorbed so we must include a combinational factor 
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This is Bernoulli' s distribution for m successful events (counts) and n-m 

failures, each event having a probability q .  Now if we have a distribution 

of q values we must multiply (32) by p and sum on n , n, n 

which is the result of (27) . 
As a direct consequence of our model, (27) contains not only 

the smallq limit ( q < < l ) ,  but is valid for all q (0  < - -  q < 1). 

wish to obtain the photon statistics by counting photoelectrons we must 

require q = 1 for then, as w e  see from Eq. (27), 

Clearly, i f  we 

In all other cases  (q < 1) we a r e  measuring the photoelectron statistics 

which in  general will be very different, e. g. , Eq. (29) for the l a s e r  is 

- .. 
To cast (33) into another form we  write p i n  the P(a)  

representation 20 



so that ( 3 3 )  becomes 

16. 

let n = Ytm 

J, 

When a"a is associated with the field intensity Eq. (35) is recognized as 

being the same as (2). 
- -  

Finally we note that the usual procedure for  obtaining Eq. (2) 

In each of these small breaks the time T into many small  t ime intervals. 

time intervals a quantum mechanical calculation is carried out in low order  

perturbation theory to  obtain the probability of obtaining a count. 

calculation is then cqmpleted by classical probabitistic arguements for the 

The 

number of counts observed in  the la rger  time interval T. In this type of 

analysis one is "looking" at the system a t  the end of each of the small  time 

intervals. Our result (27) or (35) agrees  with that obtained in the usual discussion. 

It should perhaps be pointed out that i f  the  number of photoatoms is 

not much la rger  than the number of ejected photoelectrons then we should 

use Eq. (16) instead of (17). For  example, i f  we only have 1 0  atoms we 

could never observe more than 1 0  photoelectrons. Further,  w e  have neglected 
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the fact that atoms deeper inside the photodetector would see.a  weaker 

field. 

slightly load the laser  in a way which could be described by giving the cavity 

It might also be noted that the presence of the photodetector would 

a smaller Q value. 

secondary interest. 

These points could be included in  the theory but are of 
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Appendix 

This appendix justifies Eq. (14) beginning from (13) 

Inserting V(t) as given by (9) we have 

\ 
where the primed sum means no sum over k(i) and 1 (j) and Is8)denotes the 

set of detector states for N-2 atoms omitting the ith and jth atoms. 

convenient to introduce the notation 

It is 

It will be shown that only those terms in  (A. 1) with i = j and k = P contribute 

significantly. Consider a typical t e rm in  (A. 1) with i # j. 

(n, k(i), m(j) 1 Vi (-1 exp - i(o 
. -  

k( i )  - v ) t  

- v ) t '  

2 
i f  j k(i) I(j) 

x v (+)exp i (o 
j m(j) 
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Writing Eq. (A. 3)  i n  matr ix  element form we find 

Jdtf (n, k(i),g(j) IVi In-1 , g(i\g(j) )exp-i(o k(i)-' I t  if  j k(i) l(j) 

We proceed by considering the density of excited states to be so  large 

that we may replace the sum over excited states by integrations over atom,ic 

frequencies with the appropriate density of states cr (w ). Expression (A. 4) 

then becomes 
t 
f dti l d o  i o ( w  i) J rdw j a ( w  3 .) 

i f  j 0 

(A. 5) 

x (n,g(i)l( j)  1 ~ 1  I In, w), g(j)> 

~ 

Now in general a l l  the factors except t5e exponential appearing in  (A. 5) will 

be slowly varying functions of atomic frequency, so we take them outside 

the integral sign and perform the integration over w i  and o 

integrations a r e  carr ied out we  obtain a delta function in time from each 

. When these 
j 

integration 



dwi exp-i(w s i - v ) t  -+ 6(t) 
20. 

\ 

H e n c e ,  when w e  in t eg ra t e  o v e r  t' w e  find tha t  Equat ion (13) is propor t iona l  

to the  e l e m e n t s  of the dens i ty  m a t r i x  which are off diagonal in t h e  atomic 

s t a t e s ,  and van i sh  at time t = O  as the  system is p r e p a r e d  with all the 

"photoatoms" i n  t h e i r  g round states. 

we  need keep only the  terms with i = j  and k=P. Equat ion (A. 1) now r e a d s  

dp (t)/ dt  = (- i)2 f d t f  
n,m . i k(i) 

X { n, D(m, $ k l  ) I (Vi(t)(+) t V.(t)(-))(Vi 1 (t' j t )+ Vi(t' ) (-1 9 p (t') I .  
t p (t' ) (v. 1 (t' f+ivi(tl ) (-1) ( Vi(t)"'tVi(t) (-1 ) 

- ( Vi(t)"+Vi(t)(-)) p (t' ) (vi(t' ,"' t Vi(t' ) (-9 
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In view of the relations 8a and 8b the only nonvanishing t e rms  in Eq. (A. 1) are 

rn N 
+ (P (t' )vi(t)(-)vi(t' (+I) 3- (p (t' )Vi(tl )(t)Vi(t)(-)) (A. 8) 

i= 1 k(i) i=mt l  k(i)  

m N 

' (t' )Vi . .  
i=l k(i)  i=m+l k(i) 

As we a r e  from now on only interested in diagonal elements of p let us  introduce 

the notation 1 

(n, D 1 p I n, D) p (n, D) (A. 9) 

Certain t e rms  in Eq. (A. 1) may be neglected. These t e r m s  

are those involving integrals over the excited state frequencies such a s  
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where the density matr ix  corresponds to the excited state k(i). 

case we note that since there  a r e  a large number of s t a t e s x  to which the electron m2 

In this  

be excited p (tf , k(i) , n) is to  a good approximation 

(A. 11) 

which vanishes as 2 becomes very large. 

means that we have summed over the excited states of the ith atom. 

Finally the dominate t e r m s  in (A. 1) a r e  

The arguement K(i) in (A. 11) 

- e. e. 
- 

t m 
+J dtf X < n , k ( i )  IVi(t)(-)Vi(t')0ln, k(i) )p(n+l) ,  K(1). . g(i). . K(m). . g(N) 

i=.l k(i) 
(A, 1 2 )  t c. c. 0 

where as i n  (A. 11) the symbol 

the mth atom is in any of its excited states. If we replace the sum on k(i) a s  

it appears in (A. 12)  by an integral over o 

K(m) , for  example, denotes the fact that 

i 

and note that p(  t '  , D(m, 2 kf ), n) does not depend on k(i)  (i. e. the ith atom 

is i n  its ground state since i > m) the integral over w leads to a delta function, 

d(t-t '  ). 

i 
This delta function when accompanied by the integral on t' 



N 
da’ (t)/ dt  = - 2 m  p (ny K(1). . e K(m). + .  g(N); t) n, m 

i=m+1 

m 

2 
where = . i r l X k , i l  O ( V )  (A. 13a) 

Recalling that the probability of exciting any given atom is the same a s  

we any other we write 

(A. 14) zp 
n+l , n-1 P (n, K(1). . - g(i). . . K(m), g(mt-1). . . g(N)) = 

and noting that the first sum in  (A. 13) (mtl. to N) leads to a factor N-m, 

while the second sum (1 to m) is replaced by m (A. 1 3 )  becomes 

d p  (t)/ dt n, m 

= - 2 r  (N-m) n p  n, I-n (t) + 2 r  m(n+l)@n+l ,m-1 (t) 
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Figure Captions 

1. 

atoms. 

excited states 1 k) . 

particle number eg. 1 k(m)) . 

Pictorial representation of photodetector consisting of N independent 

Each atom in detector has a ground state 1 g)  and continum of 

Atoms a r e  labeled by indexing atomic state with 

2. 

First example is for n = 5. 

Figure indicating the grouping of Eq. 1 s (17) according to value of no. 

Dashed line is for a rb i t ra ry  no. 
0 


